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Abstract
Generalizing a result of Bodendiek and Burosch on graphs it is proved that every vertex-simple
nite hypergraph has an Egyptian edge-numbering. Moreover, it is shown that for every r>3
there exist arbitrarily large r-uniform connected nite hypergraphs not having an antimagic
edge-numbering. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction and notations
Let H =(V; E; ') be a hypergraph with vertex set V , set of hyperedges (abbreviated:
edge set) E, and incidence relation 'V E. Its dual is the hypergraph H =
(V ; E; ') with V  :=E; E :=V; ' := f(e; x) j(x; e)2'g. For any e2E, let jeH j
with eH := fx2V j(x; e)2'g denote the size of e. An empty edge e in H has the prop-
erty jeH j=0, and e2E is said to be a multiple edge in H if there is an e0 2E; e0 6= e,
with e0H = eH . A hypergraph H without multiple edges and empty edges is called sim-
ple; H is called r-uniform (r=0; 1; 2; : : :) if every edge has size r, and H is nite if V
and E are nite sets. H with jV j=jEj=0 is the empty hypergraph. H is said to be con-
nected i there do not exist non-empty hypergraphs H1 =(V1; E1; '1); H2 =(V2; E2; '2)
with V1 [V2 =V; V1 \V2 = ;; E1 [E2 =E; E1 \E2 = ; and '='1 ['2. Obviously, a
hypergraph H is an (undirected) graph i the size of every edge is at most 2, and it is a
simple graph i H is a 2-uniform simple hypergraph. By dualization of the notions size
of an edge, empty edge, multiple edge, simple, r-uniform we get the notions degree
of a vertex, isolated vertex, multiple vertex, vertex-simple, r-regular, respectively.
In the following, the hypergraphs considered are supposed to have the property that
the size of every edge and the degree of every vertex are nite. Let P and N+ be the
set of rational numbers and the set of positive integers, respectively, S := f1=n jn2N+^
n>2g, and let Z P. For a hypergraph H=(V; E; '), a mapping f : V 3 x 7! f(x)2Z
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is called a vertex-Z-numbering of H , and f : E 3 e 7! f(e) := Px:(x;e)2' f(x) the
edge-numbering of H induced by f; by dualization we get the notions edge-Z-numbering
of H and vertex-numbering of H induced by an edge-Z-numbering of H , respectively.
f is dened to be an admissible vertex-Z-numbering of H i f is an injective
vertex-Z-numbering of H and its induced edge-numbering f is an injective edge-Z-
numbering of H . An admissible vertex-S-numbering of H and an admissible vertex-
N+-numbering of H are called an Egyptian vertex-numbering of H and a generalized
(or weakly, cf. [2]) antimagic vertex-numbering of H , respectively. f is said to be an
antimagic vertex-numbering of the nite hypergraph H i f is a generalized antimagic
vertex-numbering of H and f(V )=f1; 2; : : : ; jV jg. Dualization yields the notions admis-
sible edge-Z-numbering of H , Egyptian edge-numbering of H , generalized (or weakly,
cf. [2]) antimagic edge-numbering of H and antimagic edge-numbering of H , respec-
tively. Because of the duality of vertex-numberings and edge-numberings, it is sucient
to prove theorems on the numbering of nite hypergraphs only for one kind of num-
berings, say vertex-numberings; theorems on the other kind (edge-numberings) can be
obtained by dualization.
In [1] Bodendiek and Burosch proved the following statement which answered a
question of Hartseld [3]; here a graph consisting of two vertices x; y and r>1 edges
joining x and y is called a multi-line:
Theorem 0. Every nite graph not containing isolated vertices and multi-lines as
components has an Egyptian edge-numbering.
In this paper this theorem is generalized to
Theorem 1. Every nite simple hypergraph H admits an Egyptian vertex-numbering.
Moreover, we claim
Theorem 2. (a) Every nite simple 1-regular hypergraph H admits an antimagic
vertex-numbering.
(b) If r>3 then for every n>r + 1; there exists a connected r-regular simple
and vertex-simple hypergraph H on n vertices which does not admit an antimagic
vertex-numbering.
Unfortunately, Theorem 2 does not give an answer in the case of nite simple
2-regular connected vertex-simple hypergraphs; therefore | in the dual version | the
following conjecture posed by Hartseld and Ringel [4] remains open:
Conjecure. Every nite connected simple graph with m>2 edges admits an antimagic
edge-numbering.
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2. Egyptian numbering
In this section we give a proof of Theorem 1 applying induction on the number jV j
of vertices of the simple hypergraph H = (V; E; '). If jV j = 0 then H is the empty
hypergraph and the empty mapping f := ; is an Egyptian vertex-numbering. If jV j=1
then H = (fxg; ;; ;) or H = (fxg; feg; f(x; e)g), and in either case f : x 7! 12 is an
Egyptian vertex-numbering of H .
Now let n>2 and assume the statement of Theorem 1 to be proved for all simple
hypergraphs on less than n vertices. Let H = (V; E; ') be any simple hypergraph with
jV j = n. With m := jEj we can number vertices and edges of H by 1; 2; : : : ; n and
1; 2; : : : ; m, respectively; in the following we shall describe conditions in order to get
suitable numberings.
Case a: H has an isolated vertex, say vertex n. In this case H1 = (V1; E; ') with
V1 := f1; 2; : : : ; n−1g is a simple hypergraph on n−1 vertices. By induction hypothesis,
H1 has an Egyptian vertex-numbering f1, thus f1(V1); f1 (E) S. Now, we can choose
s2N+ such that 1=s<minf1(V1), and by
f(i) :=

f1(i) if i2V1;
1
s if i = n;
we get an Egyptian vertex-numbering f of H , since f is injective, f(V ) S and
f = f1 .
Case b: H does not contain any isolated vertex. This implies m>1. With
V1 := f1; : : : ; n− 1g=V −fng; E1 :=E; '1 :='\ (V1E) we form H1 := (V1; E1; '1)
which is a nite hypergraph on n− 1 vertices.
If e2E is an empty edge of H1 then (i; e) 62' for every i2V1; because H is simple
it follows (n; e)2' and therefore, eH = fng and moreover, H1 cannot contain another
empty edge e0 6= e. Thus, in H1 there is at most one empty edge; in case of its existence
let this empty edge have the number m.
Obviously, H2 := (V2; E2; '2) with V2 :=V1, '2 :='1,
E2 :=

E1 = E if H1 has no empty edge;
f1; : : : ; m− 1g= E − fmg if m2E is an empty edge in H1;
m0 :=

m if jE2j= m;
m− 1 if jE2j= m− 1;
is a hypergraph with n− 1 vertices, m0 edges which does not contain empty edges.
If e2E2 is a multiple edge of H2 then there exists an e02E2 with e0 6= e and e0H2=eH2 ,
and furthermore, it holds (n; e)2' i (n; e0) 62', because otherwise e would be a
multiple edge of H . Hence, it follows that if e is a multiple edge of H2 then there is
exactly one e02E2 satisfying both e0 6= e and e0H2 = eH2 (such multiple edges e; e0 of H2
are said to be associated each to another), and one and only one of these two edges
e; e0 in H is incident with the vertex n.
Let 1; : : : ; k (k>0) denote the multiple edges of H2 which are not incident with
vertex n in H , and s + 1; : : : ; s + k the multiple edges of H2 associated to the edges
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1; : : : ; k, respectively (and therefore, incident with vertex n in H), where s :=m0 −
k. Clearly, 2k6m0; s>k, and H3 := (V3; E3; '3) with V3 :=V2; E3 := f1; : : : ; sg and
'3 :='\ (V3E3) is a simple hypergraph with n− 1 vertices and s edges. By induc-
tion hypothesis, H3 admits an Egyptian vertex-numbering f3; the edge-numbering f3
induced by f3 satises
f3 (j) =
X
i:(i; j)2'3
f3(i); j = 1; : : : ; s:
Thus, f2 :=f3 is a vertex-S-numbering of H2, and from
f2 (j) =
X
i:(i; j)2'2
f2(i); j = 1; : : : ; m0;
we obtain
f2 (j) =
(
f3 (j)2 S for j = 1; : : : ; s;
f3 ()2 S for j = s+ ; = 1; : : : ; k:
(1)
f1 :=f2 is a vertex-S-numbering of H1. From
f1 (j) =
X
i:(i; j)2'1
f1(i); j = 1; : : : ; m;
we get
f1 (j) = f

2 (j)2 S for j = 1; : : : ; m0;
f1 (m) = 0 in case that m
0 = m− 1;
(2)
especially f1 (E1) S [ f0g. Now the function f dened by
f(i) :=
8<
:
1
gf1(i) for i = 1; : : : ; n− 1;
1
p for i = n;
with suitable integers g>1; p>2 still to be xed satises f(i)2 S; i = 1; : : : ; n, i.e. f
is a vertex-S-numbering of H .
Every edge j2f1; : : : ; kg of H fulls (n; j) 62'. Let 1; : : : ; k; : : : ; t be all edges of H
which are not incident with vertex n. Since the edges s+1; : : : ; s+ k in H are incident
with vertex n we get k6t6s, and the edges t+1; : : : ; m in H are incident with vertex
n. Furthermore,
f(j) =
8><
>:
X
i:(i; j)2'
f(i) = 1gf

1 (j) for j = 1; : : : ; t;
1
gf

1 (j) +
1
p for j = t + 1; : : : ; m;
and because H has no isolated vertices it follows t <m. For i = 1; : : : ; n − 1 the
numbers f1(i) (=f2(i)=f3(i)) are pairwise distinct and therefore, f(i)=(1=g)f1(i) for
i = 1; : : : ; n − 1 are pairwise distinct numbers. Now, we can choose the integer p>2
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such that
1
p
<
1
g
minff1(i) j i = 1; : : : ; n− 1g: (3)
Then f(n) = (1=p)< (1=g)f1(i) =f(i) for i=1; : : : ; n− 1, and thus f(i); i=1; : : : ; n,
are pairwise distinct numbers in S, i.e. f is an injective vertex-S-numbering of H .
For j=1; : : : ; s, the numbers f1 (j)(=f

2 (j)=f

3 (j)2 S) are pairwise distinct. Hence
it follows (since t6s) that
f(j) =
1
g
f1 (j) for j = 1; : : : ; t (4)
are pairwise distinct numbers in S. Because of f2 (s+ )=f

2 ()=f

3 (); =1; : : : ; k,
also f1 (j) = f

2 (j) are pairwise distinct for j = k + 1; : : : ; s+ 1; : : : ; s+ k = m
0, but
f1 (j) = f

1 (s+ j) for j = 1; : : : ; k:
Because of (2) for j = k + 1; : : : ; m, the numbers f1 (j) are pairwise dierent, and
considering k6t we see that the numbers f1 (j) are pairwise dierent for the edges
j = t + 1; : : : ; m. (This is especially valid for the edges j = s + 1; : : : ; s + k = m0 since
t6s.) Hence it follows that
f(j) =
1
g
f1 (j) +
1
p
for j = t + 1; : : : ; m (5)
are pairwise dierent numbers, especially f(m) = 1=p in case that m0 = m − 1. For
j = t + 1; : : : ; m we form
Ej := fl jl2f1; : : : ; tg ^ f1 (l)>f1 (j)g;
j :=

minff1 (l)− f1 (j) jl2 Ejg if Ej 6= ;;
1 if Ej = ;;
furthermore (because of t <m) there exists
 :=minfj jj = t + 1; : : : ; mg
and we can choose an integer n0>2 such that
1
n0
<minf;minff1(i) j i = 1; : : : ; n− 1gg:
It follows 0< (1=n0)< and for j = t + 1; : : : ; m and every l2 Ej,
f1 (l)>f

1 (j) + j>f

1 (j) + :
Now we can choose the integer p>2 such that
p := n0g: (6)
Obviously, condition (3) is satised and (g=p)<. We claim that
f(j) 6= f(l) for j = t + 1; : : : ; m and l= 1; : : : ; t: (7)
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To prove (7) we assume f(j) = f(l) for some j; l with j2ft + 1; : : : ; mg and
l2f1; : : : ; tg. Then (1=g)f1 (j) + (1=p) = (1=g)f1 (l), i.e. f1 (j) + (g=p) = f1 (l); thus
f1 (l)>f

1 (j) and therefore, l2 Ej. This implies f1 (l)>f1 (j) + j>f1 (j) + >
f1 (j) + 1=n0 = f

1 (j) + (g=p) and f
(l) = (1=g)f1 (l)> (1=g)f

1 (j) + (1=p) = f
(j),
in contradiction to our assumption.
From (4), (5) and (7) it follows that for j=1; : : : ; t; t+1; : : : ; m, the numbers f(j)
are pairwise distinct, and therefore, f is an injective edge-P-numbering of H (since
f(E)P is obvious).
From (1) and (2) we obtain f1 (j)2 S for j = 1; : : : ; m0, and because of (4),
f(j) =
1
g
f1 (j)2 S for j = 1; : : : ; t;
f(m) =
1
p
2 S in case that m0 = m− 1:
(8)
If t = m0 then m0 = m − 1 (because of t <m) and f(j)2 S holds for
j = 1; : : : ; m− 1; m.
Now let t <m0. Then for l= 1; : : : ; m0, because of f1 (l)2 S we have
sl :=
1
f1 (l)
2N+; sl>2; (9)
moreover,
n1 :=maxfsl jl= t + 1; : : : ; m0g
exists and is an integer >2. Now we choose the integer
g := (n0 + n1)!
and using (5), (9) and (6) we obtain
f(j) =
1
g
f1 (j) +
1
p
=
1
g
 1
sj
+
1
n0g
=
n0 + sj
n0gsj
=
n0 + sj
n0(n0 + n1)!sj
2 S
for j=t+1; : : : ; m0, since n0+sj6n0+n1, and sj; n0; n1 2N+; sj>2 for j2ft+1; : : : ; m0g.
Together with (8) it follows that f(j)2 S is valid for every
j = 1; : : : ; t; t + 1; : : : ; m0, and f(m)2 S in case that m0 = m− 1.
Therefore, f(E) S (in either case t = m0 and t <m0) and f is shown to be an
injective edge-S-numbering. Thus we have the result that our function f is an Egyptian
vertex-numbering of H in Case b just considered.
Now, in every case we could nd an Egyptian vertex-numbering for an arbitrary
simple hypergraph H on n vertices which completes the proof of Theorem 1.
If f is an Egyptian vertex-numbering of a nite hypergraph H =(V; E; ') and s de-
notes the least common multiple of the nite set f1=f(x) jx2VgN+ then obviously,
f0 dened by f0(x) := sf(x) for x2V is a generalized (or weakly, cf. [2]) antimagic
vertex-numbering of H . Therefore, Theorem 1 yields the
Corollary. Every nite simple hypergraph H admits a generalized antimagic vertex-
numbering (cf. [2]).
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3. Antimagic numbering
Here we prove Theorem 2.
(a) Let H =(V; E; ') be any nite simple 1-regular hypergraph. With n := jV j; m :=
jEj it follows 16m6n. Obviously, H is isomorphic to some hypergraph HI=(VI ; EI ; 'I )
formed in the following way: Let I = (i0; i1; : : : ; im) be an (m + 1)-tuple of integers
such that 0 = i0<i1<   <im = n and i1 − i06i2 − i16   6im − im−1, and take
VI := f1; 2; : : : ; ng; EI := fe1; : : : ; emg and
'I := f(1; e1); : : : ; (i1; e1);
(i1 + 1; e2); : : : ; (i2; e2);
: : : : : : : : : : : : : : : : : : : : : : : : : : :
(im−1 + 1; em); : : : ; (im; em)g:
The function f dened by f(j) := j for j2VI is easily veried to be an antimagic
vertex-numbering of HI .
(b) Let r>2; n>r + 1. With k := br=2c we get
r =

2k if r is even;
2k + 1 if r is odd
and 16k6 12 (n − 1). Using pairwise distinct elements aj (j = 1; : : : ; n) and
bij (i = 0; 1; : : : ; k; j = 1; : : : ; n) we form
V := fa1; : : : ; ang;
Ek := fbij j i = 1; : : : ; k; j = 1; : : : ; ng; E0k :=Ek [ fb01; : : : ; b0ng;
'ik := f(aj; bij) jj = 1; : : : ; ng [
n[
j=1
f(al; bij) jl  j + i (mod n)g; i = 0; 1; : : : ; k;
'k :=
k[
i=1
'ik ; '
0
k :='k [ '0k :
Then Hk = (V; Ek ; 'k) and H 0k = (V; E
0
k ; '
0
k) are nite hypergraphs, and it can be easily
veried that Hk and H 0k are simple, connected and vertex-simple and that Hk is r-regular
if r = 2k and H 0k is r-regular if r = 2k + 1.
Now let f : V 3 aj 7! f(aj)2f1; : : : ; ng be a bijection. Then for i = 0; 1; : : : ; k; j =
1; : : : ; n, we get
f(bij) =
X
x2V :(x;bij)2'′k
f(x)
2 ff(a) + f(a) j16<6ng [ ff(a) j166ng
and this set is a subset of f1; 2; : : : ; 2n− 1g.
Hence it follows that if k>2, then Hk has kn>2n edges but only 2n − 1 possi-
ble values for f and therefore, f cannot be an antimagic vertex-numbering of Hk ,
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and if k>1, then H 0k has kn + n>2n edges but only 2n − 1 possible values for f
and therefore, f cannot be an antimagic vertex-numbering of H 0k . Thus part (b) of
Theorem 2 is proved by Hr=2 if r is even with r>4 and by H 0(r−1)=2 if r is odd
with r>3.
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